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Abstract

In this appendix we provide more extensive proofs of results in the
main paper. In particular we explicitly prove results that are direct adap-
tations of arguments from Atkeson and Lucas (1995) and hence omitted
in the main paper

We also provide a detailed discussion of the algorithm used in the
guantitative exercises of the main papers.

Proofs!

1.1 Optimal Policies Induce E€cient Allocations

In this subsection we prove our claim in Section 3.1 of the main text that a
stationary allocation {h(wo,y")}2, is eCcient if it is induced by an optimal
policy (h,{g, }) from the functional equation (16) with R > 1 and satis..es the

resource constraint with equality.

a

The ..rst step is to ..nd an operational way to solve for e€cient allocations,
which will then lead us to the recursive problem (16). Consider the problem of
social planner faced with a sequence of intertemporal shadow prices {R;}$2,
to minimize the value of resources needed to deliver expected discounted utility
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1Equation numbers refer to equations in the main paper, unless they are preceded by an

in which case they refer to equations in this appendix.



of wy to an individual with initial endowment given by yq. The planner chooses
{h¢(wo, yt)}2, to solve the problem

W (wo, yo) (A1)
— min <1 - Ri()) C(ho(wo, yo)) + i (1 - R%) tl_[l < ) yZy: C (e (wo,y"))m (4" [y0)

subject to (11), (12), and (13). One obtains the following

Theorem 1 (Atkeson and Lucas (1995)) If there exist allocations {h;(wo, y*)},
shadow prices {R:} and distribution ®, such that:

1. Given {R;}$°, , for each (wo,yo) €supp(®o), {h+(wo,y")} solves the plan-
ners’ problem

2. Feasibility (Equation (14) ) holds with equality for every ¢
3.
t—1 1
1_+Z<1_)31:IO<E><OO (A2)

Then the allocation is edcient with respect to ®.

Proof. To show e¢ciency we ..rst need to show that {h;(wo,y")} is con-
strained feasible with respect to (. By assumption the allocation satis..es fea-
sibility, equation (14), and since it solves the planners’ problem it also satis..es
(11) — (13). It is therefore constrained feasible. Now we need to show that there
does not exist another allocation {h;(wo,y")}2, that is constrained feasible
with respect to &, and such that

Z/C(ht(wo,yt))ﬂ(yt|yo)d‘1>o < Z/C(ﬁt(wo,yt))ﬂ(ytlyo)d% for some ¢

(A3)

Suppose this is the case. Since {h;(wq,y")} solves CPP for all wy,yo we have

(1 - Ri> C(ho(wo, yo)) + i (1 - n%) ﬁ ( ) > Clh(wo,y"))m(y'lyo)

0 =1

ytlyo
[e’s) t—1
< (1—>Cho wo, Yo) +Z<1—)H< )ZCht wo, y"))7(y*vo)
t=1 = yt|yo

(A4)



where the left hand side of equation (1) is ..nite?. Integrating both sides of (A4)
with respect to ®, one ..nds

0o t—1
/ <1F>Ch0 w(),y() + <1—> < >ZCht wo, Y
0 t=1 0

s= yt|yo
1 [e’e) 1 t—1
</ (1—>0<ﬁo<w0,yo>>+ (1—) ( ) Clhn(wo, o'

From the fact that for {h;(wo,y*)} feasibility holds with equality for all ¢, that
{ﬁt(wo,yt)} is constrained feasible and from (A3) one obtains:

Z/Chtwo, y|y0d(1>0<Z/ytﬁywod‘bo—Z/Chtwo,

ytyo ytlyo ytlyo
(A6)

for all ¢ with the inequality being strict for some ¢. Multiplying each inequality
by the appropriate term (1 — R%) HZ;}) (%) > 0 and summing over all ¢ we
obtain (A5), but with the inequality reversed and strict, a contradiction m

This theorem states that if we can ..nd an allocation that solves the planners
problem, for a sequence of su€ciently high intertemporal prices {R:}{2, and
satis..es the resource constraint with equality, then that allocation is eCcient.
In particular note that condition (A2) is satis..ed for a sequence of intertemporal
prices satisfying R, = R > 1 for all ¢.

Now we show that an allocation & = {h(wo,y")}2, induced by the op-
timal policies (h,{g,/}) from the recursive problem (16), with the additional
constraints g,» < w solve the planners’ problem for interest rates {R;}{2, con-
stant at R. For this allocation be e¢cient we then only have to demonstrate
that it satis..es the resource constraint with equality

So for given (wyg, yo) de..ne

ho(wo,y0) = h(wo)
wl (’U)O, yO) = Gy (w()) (A7)
and in general recursively
Wi(wo,y") = gy, (br—1(wo,y" ™))
hu(wo,y') = h(ty(wo,y")) (A8)

2This is guaranteed since we can always pick a constant hi(wo,y?) =
max(wo, max, VA%t (y)). Such a policy satis..es all the constraints of the planners’ problem
and since max(wo, max, V4% (y)) € D and by assumption (A2) is satis..ed the value of the
minimization problem is ..nite.

)7 (Y yo) p dPo

)7 (Y yo) p dPo

(A5)
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be the allocation induced by the recursive policy rules. The constraints g, < w
assure that

uA)t (U)O, yt) < w. (Ag)
Let W = [w,w] as in Section 3.2 in the main text. We have

Theorem 2 Suppose that the sequence {R,;}¢2, is constant at R € (1, %). Then
the allocation & constructed from the optimal policies of the functional equation
solves the component planning problem, for every (wo,y0) € W x Y with wy >
U4 (o).

Proof. For any allocation o = {h;(wo,y")}2, de..ne
Ui(wo, y',0) = (1= ) (ht wo, y +ZZ$S " (y®) e (wo, y >> (A10)
s>t ys

and UA"!(y;) correspondingly. By Theorem 4.3 in Stokey et al. (1989)%, for all
wo € W and all yg € Y, the solution to the functional equation, Vg satis..es

. 1 > .
Vet = e (1) ey £ (1) Rth (o, )4

s.t.

wi(wo,y") = (1= Bhe(wo, y") + B Y w(yer)wesr (wo, y'™)  allt (AL2)

yt+1
UMy < wilwo,y') <w  allt>1 (A13)
wo > Ug™(yo) given (AL4)

By Theorem 4.4 and 4.5 of Stokey et al. (1989), which are applicable as Vg
is bounded on W and the sequence {w;(wo,y')},—, de..ned above never leaves
W, the allocation {h;(wo,y")}2, together with {d(wo,y")};o, de..ned above
uniquely attains the minimum of the problem above. In order to argue that
{hy(wo, y")}52, solves the planners problem we have to show that any allocation
{h¢(wo, yt)}22, together with some {w;(wo,yt)}52, satis..es (A12) and (A13) if
and only if {h;(wo,y")}:2, satis..es (11) — (13), i.e. if

wog = Uy (w(]? Yo, U) (A15)

Ur(y) < Ui(wo,yt,0) <@ all ¢ (A16)

1klim B sup Up(wo,y',0) = 0 (AL7)
— 00 yt

3The assumption of which are satis..ed as C(w) > 0, all w.

(A11)



Step 1: Pick any allocation o = {h:(wo, y*)}$2, that satis..es (A15)— A(17).
De..ne wi(wo,yt) = Ug(wo,yt, o). It is immediate from (A16) that (A13) is
satis..ed. From the de..nition of U;(wy, y*, o) it follows that (A12) is satis..ed as
well.

Step 2: Pick any allocation o = {h:(wo,y")}s2, and {w:(wo,yt)}52, that
satis..es (A12) and (A13). Since for all ¢, w;(wo,y?) < w from (A13), by using
(A12) we see that the allocation satis..es (A17). Now for all allocations satisfying
(17), and for all ¢

|we(wo,y") — U(wo,y',0)| = B z T(yr41) (Weg1(wo, ') = Up(wo, ', 0))

yt+1

< ﬁSUE |wi 1 (wo, y*™) = Up(wo, y', 0)]
yt

< ﬁs Sl}rp |wt+5 (UJO, yt+s) - Ut+s (’UJO, yt+57 0—){
yt+s

5 s (fwes (w0, + U, 2,0
y s

IN

(A18)

This inequality is valid for all ¢ and all s. Taking the limit with respect to s one
obtains (by (A17) and (A13)) that wy(wo,y?) = Us(wo,yt, o) for all t. Hence
(A12) implies that

wy = (1= B)ho(wo,y0) + B8 m(y1)wi(wo,y")

Y

= (1= B)ho(wo,yo) + B> _ 7(y1)U1(wo,y",0)

- UO (U)O, Yo, 0) (Alg)

and hence (A15) is satis..ed. For ¢t > 1 (A16) is obviously satis..ed, and it is
satis..ed for t = 0 by the assumption that wy > U/"*(y;). This proves that the
allocation constructed from the policies of the functional equation solves the
component planning problem with the additional constraint U, (wq, 3¢, 0) < .
By Theorem 5 in the main text g,/ (w) < w for all w € W. By construction (A8)
this implies that w;(wo,y") < w and hence, as w;(wo,y") = U(wo,yt,d), the
constraint is never binding. Since the constraint set associated with the social
planners problem is convex, this implies that the allocation & indeed solves the
original planning problem for constant interest rates. m

The previous result shows that allocations induced by optimal policies from
the recursive problem (16) solve the social planners problem, for a constant
sequence of intertemporal prices R; = R > 1. To show e€ciency of the allocation
it remains to be shown that, for the appropriate R, the allocation indeed satis...es
the resource constraint with equality. This is the content of Sections 3.3 and
3.4 of the main text.



1.2 Theoretical Properties of the Recursive Problem

In this subsection we prove theoretical properties of the operator Tz de..ned in
equation (16). These properties are important to establish the main results of
Section 3.2 of the main text, Lemmas 3 and 4 and Theorem 5.

Lemma 3 Tx maps C (W) into itself and is a contraction.

Proof. For every w € W the objective function in (16) is continuous in
h, g, and the constraint set is compact and non-empty; therefore the minimum
exists. V' is bounded and since h < h < h , C(h) is bounded as well. It follows
that TRV is a bounded function. The fact that Tz V is continuous follows from
the Theorem of the maximum (note that the constraint set is continuous in w).
It is also easy to show that since R > 1 the operator Tx satis..es the hypotheses
of Blackwell’s theorem and thus is a contraction with modulus 1—1% ]

Corollary 4 For R > 1, the operator T has a unique ..xed point Vi € C(W)
(i.e. Vg is continuous and bounded) and for all vo € C(A), ||[Thvo — Vg|| <
2=lvo — V||, with the norm being the sup-norm.

Proof. Follows directly from the fact that Tz is a contraction mapping with
modulus + =

Lemma 5 Vy is strictly increasing and strictly convex.

Proof. For the ..rst part we note that C'(WW) (together with the sup-norm) is
a complete metric space and that the set of bounded continuous nondecreasing
functions on W, C’"(W), is a closed subset of C'(W) and that the set of bounded
continuous strictly increasing functions, C"(W), satis..es C"(W) c C'(W). By
Lemma 3 of this appendix Ty is a contraction mapping. Hence by Corollary
1 of Stokey et al., p. 52, it is su€cient to show that, whenever Vp € C'(W),
then TrVg € C”(W). Fix w,w with w < w < w < w. We need to show that
(TRVR) (w) < (TRVR) (). Let h , Gy be the optimal choices for . The choices
gy = Gy and h = h — +w < h are feasible for w and therefore

R—1\ .
(TrVR) (0) = (=== h+— VWal(gy)
RVR) (W ( R ) y%/ Rr(Jy
R—1 1
> (=% )Ch)+5 ) m(y)Vr(gy)
(*) 7 3 TV
> (TrVR) (w) (A20)

To prove that Vy is convex we note that the set of bounded continuous
convex functions, C""(W) is a closed subset of C(W). Again by Corollary 1
of Stokey et al.,, p. 52, it is su¢cient to show that if Vx € C"' (W), then
(TrVg) is convex. So we have to show that for all w,w € W with w # @, and
all A € (0,1), (TegV)(Aw + (1 — Nw) < MTrV)(w) + (1 — X\)(TgV)(w). Let



fz,gy be the optimal choices for @ and h, g, be the optimal choices for w and
de..ne h* = Ah + (1 — \)h, gy = Agy + (1 — X)gy. Since h*, g, are feasible for
(Aw + (1 = M), y), and

R—-1 1
< (E2) oo+ 5 X wt)vie))
A P
< (F57) (30 +0-20m) + § 3 w6 OViay) + (1= NVG,)
y' ey
= A(TrVR) (w) + (1 = A) (TrVR) (@) (A21)

by convexity of V' and strict convexity of C.

Finally we want to show that the ..xed point of T, V, is strictly convex on
W. We know that V' is convex, continuous and strictly increasing. These facts
imply that V' is dicerentiable almost everywhere on W and that for the countable
number of points at which V' is not dicerentiable, right hand derivatives V| and
left hand derivatives V” exist (although need not coincide).

Now suppose that V' is not strictly convex on . Then there exists an interval
I C W such that V is linear on I. Take w,w’ € I with w < w’. From the envelope
theorem for any solution {g, (w)}, {g, (w')}

a = Vi(w)=V'(u)
~ R-1 _ (w=03, 7y )gy (w)
 R(1-p) ¢ ( 1-7 >
 R-1 (W =BX,m(y)gy(w)
= R(liﬁ)o ( 15 ) (A22)

for some a > 0. Hence there exists ¢ such that U4*(y) < g;(w) < gz(w'). From
the ..rst order conditions, combining with the envelope condition

afR < Vi(gy(w))

Vi(gy(w)) < aBR<VI(gy(w')) (A23)
By convexity of V' and the fact that g;(w) < gg(w’) it follows that
afR < Vi (gz(w)) < V. (gz(w')) < aBR (A24)

Hence V' is linear on I' = (g5(w), g5(w')) € A with slope ag < a. Repeating the
above argument one shows that there exists interval 7() such that V is linear
on 1™ with slope ag”, for all n > 1.

Now let d = =2=L-C"(h(w)) > 0 and pick n such that ag" < d. Then for all

R(1-)
w e I™ | using the envelope condition
n_ v/ — & / _ & /
ag —V(w)—R(l_ﬂ)C’(h(w))<d—R(l_ﬂ)o(ﬁ(w)) (A25)

Therefore h(w) < h, which is impossible. Hence V' cannot contain a linear
segmenton W. m



Lemma 6 For any strictly increasing and strictly convex function V € C(A),
TrV is continuous, strictly increasing and strictly convex. The optimal policies
h(w), g, (w) are continuous, single-valued functions.

Proof. The fact that TRV is strictly increasing and strictly convex follows
from the properties of V. The choice variables ~ and g,/ are constrained to lie
in compact and convex intervals, and by assumption the objective function is
strictly convex. Hence the minimizers are unique. Since the constraint set is
continuous in w, the theorem of the maximum applies and TrV is continuous
and h(w), g, (w) are upper hemicontinuous correspondences. Since h(w), g, (w)
are functions, they are continuous. =

Lemma 7 The unique ..xed point of Tz is continuously dicerentiable.

Proof. Consider the following sequence of functions {V"}>2,, de..ned re-
cursively as:

VO(w) C(w) Ywe W
Vitli(w) = (TRV")(w) VYweW (A26)

From Corollary 4 of this appendix we know that this sequence converges uni-
formly to the unique ..xed point Vi of Tr. Also Lemma 6 of this appendix
assures that each V™ is continuous, strictly increasing and strictly convex (as
by assumption C' possesses these properties) and that the associated policies
h™(w) and g, (w) are continuous functions. From the envelope condition (21)
we have (as C is continuously dizerentiable by assumption) that each V" is dif-
ferentiable and that this derivative is continuous, since h"~*(w) is a continuous
function. Now we will establish that Vg is continuously dicerentiable.

From Lemmas 6, 5 and Corollary 4 of this appendix we know that each V"
as well as Vy are strictly convex and continuous and that the sequence {V"}>2,
converges to V uniformly. Also W is compact. Then by Theorem 3.8 of Stokey
et al., p. 64, the sequences {h"(w),gg/ (w)}:’:1 converge uniformly to the op-

timal policies associated with Vg, h%(w) and g,j}(w), respectively. Therefore

from equation (21) we conclude that (TrV™)" converges to Igﬁ’_lﬁ)) C'(hF(w))
uniformly. Since {V™}22, converges to Vz uniformly, we have that Vy is dizer-

entiable, with

(R—1)

R ¢ W) (A27)

(Vr)' (w) =

]
These results assure that Vr and the associated policies £, g,-have the prop-
erties asserted in Section 3.2 of the main text.

1.3 Continuity and Monotonicity of the Excess Demand
Function

In this subsection we show that the excess demand function d(R), as de..ned in
Section 3.4 of the main text, is continuous and increasing on (1, %). We start



with continuity. First we show that the value functions, as functions of R, are
continuous in R.

Lemma 8 (Atkeson and Lucas (1995)) Let R € (1, %) and {R,},~, be a se-
quence satisfying R,, € (1, %) and lim,,_. R,, = R. Then the sequence {Vz, } -,
converges uniformly to Vi on [w, w].

Proof. We have to show that
lim ||VRn — VRH =0 (A28)
where |[Vg, — V|| = supy, 4 |Vr, — V|- By the triangle inequality

\Vr,, = VRl <|[V&, = Tx, VIl + TR, Vr = V&l (A29)

n

Now the operator T, is a contraction mapping on [w, w] with unique ..xed
point Vz, (see Corollary 1 of this appendix). Hence

lim ||Vg, —Tg, Vr|| =0 (A30)

For the second term in the sum we note that

n 3 n 1
ITh, Vi = Vel <D T, Ve — Ty, ' Val| < Z—(R P |Tr,Vr — Vel (A31)
k=1 k=1 n

Here the ..rst inequality again follows from the triangle inequality and the second

from the fact that Tx, is a contraction mapping on [w, w] with modulus —(Rl)k.
Hence
lim (|75, Ve = Vall < Jim 3, o lITe, Vi = Vil
oo n—00 Pt (Rn)
. R’Il
< lim _1||TRnVR*VR||
- lim ||Tr, Vi — TaVal| (A32)

— 1 n—c

where we used the fact that Vj is the unique ..xed point of Tz. Hence lim,, _, ||Tgn Vir—
Vgr|| = 0 if and only if lim, . ||Tr, VR — TrRVR|| = 0, i.e. if the operator T,

is continuous in R,. To see that T, is in fact continuous in R, consider the
following argument: for arbitrary @ € [w,w] by the theorem of the maximum

lim |TR71 VR(w) — TRVR(’lI))| =0 (A33)

Since [w, w] is a compact set and Tr, Vg, TrVg are continuous functions in w,
we have

lim max |TRnVR(1I)) - TRVR(ﬁ)N = lim ||TRnVR - TRVR” =0 (A34)

n—00 € w,w]



Hence both terms on the right hand side of (A429) converge to 0, which proves
the result m

This result proves that Vg is continuous in R. Next we show the same re-
sult with respect to the optimal policies gf;. This is crucial since these policies
induce the Markov process to which & is the invariant measure, and to prove
continuity of & with respect to R one ..rst has to show that gj’; is continuous
in R.
Lemma 9 (Atkeson and Lucas (1995)) Let a sequence {R,,,w,},., With R,, €
(1,%) and w, € [w,w] converge to (R, w) € (1, %) x [w, w]. Then for each ¢’ €Y,

oo
the sequence {gf}‘" (wn)} converges to g% (w).
n=0

Proof. We have to show that for each ¢ > 0 there exists N(g) such that
for all n > N(e) we have |g§" (wp) — gfv(w)| < e. We note that by the triangle
inequality

|9 (wn) = gyt (W)] < 1gyi (wn) = gyt (wa)| + gy} (wn) — g5 (w)|  (A35)

Since the function g,ff} is continuous, for each £; > 0 there exists N(e1) such
that |g} (w,) — g, (w)| < e1 for all n > N(e;). By Lemma 5 of this appendix
Vi as well Vy, are strictly convex, for each n € N. Also {Vy,} 7, converges
uniformly to Vi, by Lemma 8 of this appendix, on the compact set [w, w]. Then
by Theorem 3.8, Stokey et al. (1989), for each 2 > 0 there exists N(e3) such
that |g"" (w) — g (w)| < &5 for all m > N(e5) and all w € [w,@]. S0 .Xx >0
and choose e; = e3 = § and N(e) = max{N(e1), N(e2)}. Then for all n > N

|ggm (wn) — gp (w)] < |ggi (wn) — gu (wa)| + |ggt (wn) — gpi(w)] < ea+e1 =¢
(A36)

]
The previous two lemmas can be used to prove our ..rst main result about
the excess demand function d(.), namely continuity on (1, %).

Theorem 10 (Atkeson and Lucas (1995), Lemma 12): d(R) is continuous on
(1,3).

Proof. Consider a sequence {Rn}ffzo with R,, € (1, %) converging to R €
(1, %). With each R,, and with R there is associated an operator Tj, and T3,
respectively. By Theorem 6 of the main text there exist a unique sequence of
probability measures {®g, },—, such that ®r, = T} ®g, and a unique ®r
such that @ = T/, ®r. We will argue that the sequence {®r, } -, converges
weakly to ¢ p.

First, the state space [w, @] x Y is compact. Now consider the sequence
of transition functions {Qr, },., associated with {R,} > . For any sequence
{wy},2, in [w, ] converging to w € [w, w], forall y’ €Y, gf;" (wy,) converges to
gy (w) by Lemma 9 of this appendix. Now consider the sequence of probability

10



measures {Qr, ((wn,y),.)} -, and the probability measure Qz((w,y),.). If we
can show that for each set B € B(W) x P(Y") for which Qr((w,y),dB) =0,

nlLrI;o QRH((w’IH y)v B) = QR((w7 y)v B) (A37)
then the sequence Qr, ((wn,y), .) converges weakly to Qr((w,y),.) by Theorem
12.3, Stokey et al. Here 0B denote the boundary of B, i.e.. the set of points
that are limit points of B as well as B€.

Take an arbitrary such set B. By de..nition of Qg, for all v’ such that
gj? (w) = w' for some y € Y, we have that «’ is in the interior of B (oth-
erwise Qr((w,y),0B) > 0). But then, since g,fff" (wy,) converges to g, (w),
Qr, (wn,y), B) = Qr((w,y), B) for n succiently big. Hence (A37) is satis-
..ed and the sequence Qr, ((wn,y),.) converges weakly to Qr((w,y),.).

This result enables us to apply Theorem 12.13 of Stokey et al. to conclude
that the sequence {®p, },-, converges weakly to ®z. By Lemma 8 of this
appendix {Vg, },—, converges uniformly to V. To show continuity of d(.) we
note that

d(R) — d(R)| = \ [V widtr, ~ [Viwder

IA

‘/VRn(w)dq)Rn —/VR(w)d@Rn

by the triangle inequality. The ..rst term converges to zero (as n — oo) as
{Vg, }.2, converges uniformly to Vz, the second term converges to zero as
{®r, }.o, converges weakly to @ and Vj is a continuous and bounded function
[

The previous result establishes that the excess demand function varies con-
tinuously with R. Now we want to establish a result about the slope of the
excess demand function. In order to prove this we ..rst establish that future
utility promises are increasing in the interest rate R.

Lemma 11 The optimal policies g,j}(w) are increasing in R and the optimal
policy h%(w) is decreasing in R.

Proof. Let R > R. We want to show that 17 (w) < h®(w) and g (w) >
gf,’(w), for all ¥/ € Y and all w € [w,w]. De..ne the sequence {V"}>~, by

V™ = (Ty)" Vi. Note that as Vg is strictly convex and dizerentiable (by the
argument in the proof to Lemma 7 in this appendix), so are all V" (again by
the argument in the proof to Lemma 7). Let (h’”,g;%) be the optimal policies
associated with V™, i.e.

Vi) = (1- ) Cor@) + 5 TreW  apw). (a9)

y/

11

+ ’/VR(w)ch)Rn - /VR(w)d‘I’R

(A38)



We prove by induction that for all n > 1,

gy (w) > gy(w) (A40)
RR(w) < h™(w) (A41)
Vi(w) (v (w)

i e

forall y € Y and all w € [w, w]. Since {V"}°_, converges to V; uniformly (by
corollary 4 of this appendix) and {h”,g;%}zo:l converge uniformly to (h*, g[f)
(again see Lemma 7), it then follows that gj’; (w) > 95 (w) (and the other two

relations also hold for n replaced with R).

Step 1: Let n =1 and .x w € [w, w]. Suppose, to obtain a contradiction,
that there exists y' such that g}, (w) > g}(w) > U4 (y'). Then from the
respective ..rst order conditions (note that V! = T3VR)

BR-1)

Vilgy (w) = ﬁcl(hl(w)) (A43)
Vi) > Ao (Asd)

Since Vg is strictly convex V} (gl (w)) > Vi (gk(w)) and hence (as R > R),
ht(w) > h®(w). From the promise keeping constraint there must exist 3’ such
that g (w) > g3, (w) > U4 (y). But then, using (A43) and A(44)

B(R—-1) B(R-1)
1-p 1-p
which implies g% (w) < g} (w), a contradiction. Hence g, (w) < g/} (w), for all
y' € Y. Then from the promise keeping constraint h!(w) > hf*(w). The envelope

conditions are

C'(hR(w)) <

Vi(gy (w) = C'(h'(w)) < Vi(gy (w)) (A45)

(V) () _ O (w) (A46)
R-1 R(1—P)

Vi) _ (b))

R-1 ~ R0-9) (A7)

1)/ ’
It follows from the previous result that % > ‘—/gf—“l’)

Step 2: Suppose that (A40) — (A42) are true for n — 1. We want to show
that (A440) — (A42) are true for n. Again suppose, to obtain a contradiction,
that there exists y' such that g;, (w) > gé‘?(w) > UA"(y'). From the ..rst order
conditions (equations (20) of the main text) we have

ve Yy (gnw) g,
. = 150" W)
/ R
Al ootrw) (A%9)
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Since Vi and V"' are convex, gy, (w) > gé‘?(w) and (A42) holds for n — 1,
we have that h™(w) > hf¥(w). Again by the promise keeping constraints there
exists i’ such that gg’; (w) > gp(w) > U4 (). But by Lemma 3 of the main
text

gp(w) < gih(w)
gp(w) > gh(w) (A49)
and hence
gy (w) < gt (w) < g (w) < g (w) < gi(w) (A50)

a contradiction. It follows that for all 3" € Y, g, (w) < g,j}(w). From promise
keeping we have h™(w) > hfi(w). As before the envelope conditions imply that
V) (w) 5 Vew) g
R-1 — R-1

This result enables us to draw conclusions about how the invariant mea-
sure over utilities and endowment shocks, @ varies with R. The next result
shows that for larger interest rates the invariant measure puts more mass on
higher utility entitlements. For every ® de..ne the probability measures ®¥ on
(W,B(W)) by ®¥(B) = ﬂ%ﬁ, for every B € B(W). Note that every such
measure is well-de..ned as 7 (y) > 0 by assumption, and that ®¥(W) = 1.

Lemma 12 (Atkeson and Lucas (1995)) Let R > R. Then for every y € Y, Y,
stochastically dominates @%, i.e.. for every increasing and continuous function
fonW,

[ rwvy = [ swe, (A1)

n=1
shall prove by induction that for each n > 1, and each y € Y, ®% stochastically
dominates ®¥. Since by Theorem 6 of the main text {®,} converges to @ in
total variation norm, the result then follows.

It will be convenient to de..ne the distribution function associated with
any probability measure ®%, FY : W — [0,1], as FY(w) = ®Y([w,w]) =
@, ([w,w],{y})/m(y). Since the domain of these functions is a subset of !,
in order to prove that ®% stochastically dominates ®¥ it is su¢cient to prove
that for all w € W, F},(w) < F¥(w).

Step 1: Letn=1

Proof. De..ne the sequence of measures {®,}>2, by &, = <T§>n dr. We

13



By de..nition ®&; = TI’%@R whereas ®r = T/ Pr. Fix an arbitrary y € Y,
w € W. Then
Pr(lw, w], {y})
Fy w — ) )
R( ) 7r(y)
/ da,
{veW|glt(v)<w}

IN

/ ey
{veW|gf (v)<w}
Dy ([M; w]? {y})
m(y)
= F/(w) (A52)

where the inequality is due to the fact that gf(w) > gf(w), for all w e W.
Step 2: Suppose Fj(w) < FY_;(w), for all w € W, all y € Y. We want to

n—1

show that the same is true for n. Note that
cI)?L([Mv w]7 {y})
FY(w) = ————=~
(w) )

/ } oy
{veW|gh (v)<w}

= > w@)F]_(vn) (AS3)
yeY

where v,, := max{v € W|gf(v) < w}. Note that the last equality requires
gf to be increasing in v as shown in Lemma 3 of the main text. Continuity
of glf ensures that v, is well-de..ned. Similarly F},(w) = > gey () F}(vR)
with vg := max{v € W|g/(v) < w}. Lemma 11 of this appendix implies that
vr < v,. Then the induction hypothesis implies that for all 7 € Y, F(vg) <

FY_(v,), and hence Fj(w) < FY(w) =
The previous two results can now be combined to show that the excess
demand function is increasing in the interest rate.

Theorem 13 (Atkeson and Lucas (1995), Lemma 14) Let R > R. Then d(R) >
d(R).

Proof. By de..nition of d(R)

d(R) = / Via(w)ddp — / yd® (A54)

Since for all R, [yd®p is a constant, we focus on the analysis of the ..rst part
of the excess demand function. From the functional equation

[vatwyine = (1-3) [cwtpien s 5 ¥ r) [ Vi),
’ (A55)
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we note that by stationarity and the de..nition of ®Y,,

[ vatwiae - 3w [ vatwiaey (AS6)
[Vightwyitn = [viwday (AST)
so that
[ Vatwiitn =3 x) [ Vi) (AS8)
It follows that
[ vatwiase = [ o w)iv (A59)

We want to prove that
/VR(w)d@R > /VR(w)d@R (A60)

By the previous lemma for all y € Y, ®¥ stochastically dominates @i{%, and since
Vj is strictly increasing it follows, using (A56) that

/ Vi(w)d®p > / Vi(w)d® g (A61)
So if we can prove that
/ Vr(w)d®r > / Vi(w)d®p (A62)

we are done. De..ne the sequence {V"}52, by V" = (Tj)" Vz. We will prove
by induction that for all n > 1

/ Vi(w)d®p > / V' (w)dD (A63)

Since the sequence {V"}2, converges uniformly to V (by Corollary 4 of this
appendix), this proves (A62). Let {h", g }72; be the optimal policies associated
with {V"}>2 , and (h", g[%) be the optimal choices associated with V.
Step 1: Let n = 1. By de..nition V! = T;Vr. Hence
1 1 1 1 / 1
Vi) = (1= %) €Ot ) + 5 () Vg (w)

< <1 _ %) C(R"(w) + = 3" (0)Valgfh(w))  (A6d)
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since (hl,g;,) are the minimizing choices associated with V!. Integrating with
respect to ¢ and using (A58) and (A59) yields

/Vl(w)d@R <1 - 1) /C(hl )dPR + — Z /VR gb (w))dP g

< <%>/ChR Nd® R + — Z /Vng())de)R
- <%>/ widtn-+ = 3 () [ Vielgf )i

_ / (1) dP (A65)

Step 2: Suppose [ Vi(w)d®gr > [ V" !(w)d®r. We want to show that the
same is true for n. By de..nition V" = T,V"~ L hence

n _ _i " l T Ny n—1/.n w
Vi) = (15 ) o) + 5 v w)

IN

by the same reason as in step 1. Again integrating with respect to &z and using
(A58) and (A59) we obtain

/V"(w)d@R = <1 >/c (W (w))d®g + — Z /V” Yo (w))dPr

< (1-3) [ comive + % Sntw) [ Vg w)ien
— <1—%>/VR( )d(I)R—l——/V” Yw)d®p

< (1—%)/%( g+ = [ Vaw)dt

= [ Vatwyao (A67)

where the last inequality uses the induction hypothesis =

1.4 Detailed Proof of Theorem 12 in Main Text

In this subsection we provide a detailed proof of Theorem 12 of the main paper.

Proof. It is obvious that the allocation satis..es the resource constraint (9)
since the e¢cient allocation by construction satis...es the resource constraint, and
Oy is derived from &,. Also the allocation satis...es the continuing participation
constraints, and, by construction of ag(wo, o), the budget constraint. So it re-
mains to be shown that, for almost all (ag, vo0), {ct(ao,y")} is utility maximizing

16



among the allocations satisfying the budget and the continuing participation
constraints.
The proof is in two steps. We ..rst show that the ..rst order conditions

(1—8)8'w(y" [yo)u’ (ce(ao,y")) (1 + > ﬂ(ao,yT)) = Mao, yo)p(y")
yTEP(yt)
) (A68)

are su¢cient for optimality and we then show that the allocation de..ned above
indeed satis..es the ..rst order conditions.
Step 1: De..ne

Ulao,y") = (1= BYu (eilao.y) + 30 3 B n(yly) (L — Bu (es(an, y*))
s>t ys |yt

(A69)

Suppose there exist Lagrange multipliers A(ag, yo), {1(ao,y")} > 0 that jointly
with {c;(ag,y")} satisfy (A68), the budget constraint (7), at prices de..ned in
(34), as well as the continuing participation constraints (8)

Ulag,yt) > U (yy) (A70)
together with
(a0, y') (Ulao,y") — U () = 0. (A71)

Now suppose that there is a consumption allocation for individuals of type
(a0, y0), {¢t(ao,y")} , that satis..es (7) and (8), and that dominates {c;(ao, ")},
i.e. Ulao,yo) > Ulao,yo), Where Ulap,yo) is de..ned analogously to (A69).
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Then

0 < U(ao, yo) — Ulao, yo)

(Z > 87 o) [u (é(ao,y")) —u (Ct(aoayt))}> (A72)

t=0 yt|yo

-B) (Z Z ﬂtﬁ(yth/o 1+ Z w(ag,y [u (@t(%,yt)) —u (Ct(aoayt))]>

t=0 yt|yo yTEP(yt) ]
(A73)
-B) (Z Z ﬂtﬂ'(ytkl/o 1+ Z w(ag,y™) | v’ (ct(ao,yt)) (ét(ag,yt) — ct(ag,yt)))
t=0 yt|yo i yTEP(yt) ]
(A74)
aOa ZUO (Z Z p Ct aOa ) - ct(a()a yt))> (A75)
=0 y*|yo

Aao, o) (ZZ Jer(ao,y') =D > p(y’ yt—a()) (AT76)

t=0 yt|yo t=0 yt|yo

<0 (ATT)

a contradiction. The several steps in the argument are justi..ed as follows:
(A72) is by de..nition, (A73) will be proved below, (A74) follows from strict
concavity of the utility function, (A75) follows from (A68), (A76) from the
budget constraint and the fact that « is strictly increasing and prices are strictly
positive, and ..nally (A77) follows from the budget constraint. Hence there does
not exist a consumption allocation {¢é;(ag,y")}, that satis..es (7) and (8), and
that dominates {c;(ao, y")} .

Now we prove that inequality (A73) holds. For this we ..rst note that for all
t,yt, we have

(1+ a0 ")) (Ulao,y") = Ulao,y")) = Ulao,y') = Ulao,y') — (ATS)

If U(ao,y") > U™ (y), then from (AT71) it follows that 1(ao,y") = 0, so that
(A78) is satis.ed. If U(ag,yt) = U2 (y,), then U(ag,y') < U(ao, y*) and
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w(ag,yt) > 0, and again (A78) holds. Now

IN

IN

IN

U(ao, o) — Ul(ao, yo)
(1+ plao, o)) (Uao. o) ~ Ulao, o))

(1 + p(ao,yo)) * (1 —B) (Z Z 5t7f(yt|y0) [U (Ct(ao,yt)) —u (ét(a07yt))]>

t=0ytlyo
(1+ u(ao, yo)) * (1 = B) [“ (¢o(ao, yo)) —u (Ct(amyt))]
(1 + ulao, o)) + B 7(wlyo) (Ulao, ") = Ulao, "))

(1+ (a0, 90)) * (1 = B) [u(¢o(ao, yo)) — u (ct(ao,y"))]

6> w(ynlyo) (1 + plao, yo) + lao,y") (Ulaoy") = Ulao, ")

T
SN B lvo) (H > u(ao,yT)) [u (ce(ao,y")) — u (ér(ao, y"))]

t=0 yt|yo yTEP(yt)

+ 373 ATy o) (1+ 3 u(ao,yw) (Ua0, y™1) = Ulao,y™ 1))

yT |yo Y7+1 yTeP(yT+!)
(A79)

Taking limits yields

<

Ul(ao,yo) — Ul(ao,yo)

(1-8) (Z > B (' yo) [H > u(ao,yT)] [u (é(ao, ")) U(Ct(CLO;yt))])

t=0 y*|yo yTEP(yt)

yT+1yo yTEP(yTH!

+ lim ST BT (™ ) (1+ > )u(ao,w) (O a0, y™) = Ulan, y™"))

(A80)
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We need to show that the last limit is nonpositive. Now note that from (A68)

Jim 3 AR o) (14 Y ao,y”) | (Oa0, ™) = Ulan, g™ )
yT+1yo yTEP(yT+Y)
m(y" 1 yo) (U(ao,yT“) - U(ao,yT“))

u/(cry1(ao, yT+1))

. Aao,yo)
= }Lﬂo% >

yT+1yo

Aao, yo) lim m(y T+1|y0) (ao, yTH)
(1 - ﬂ) T—oo yT+1|yq RT+/! (CT+1(a07yT+l))

(A81)

; N . Uaoy™)
because, since {c:(ao, y*)} is bounded, limy_, Zyﬂl‘yo % = 0. Now

T+1)

A ao, Yo) lim m(y T+1|y0) (ao,y

(1_ﬂ) THOOyT+1‘, (CT+1(a07yT+l))RT+1

Mao o) . ﬁ
S e DYDY

s>T+H1 ys|yT+1

sTl

y *lyo)u (¢5(ao, y*))
A82
CT+1 ao, yTH))RTJrl ( )

Without loss of generality we can sum only over those elements for which
u (és(ag,y®)) > 0 (it makes the expression only bigger). Then

/\(aoayo Z Z B " m(y°|yo)u (és(ao, ¥°))
(1- A s>T+1ys|yT+1 u'(er1(ao, yTH)) R

)‘(a()?y() Z Z y |y0 Cs(a()?y )) (A83)

S Ao
( O ST+ ys[yT+1

where we used the facts that if we can show that {c;(ag,y")} is bounded is
bounded above by, say ¢, and that § < R From the budget constraint we know
that (given the conjectured equilibrium prices)

Jim Z Z ylyoctao,y)zo (A84)

% ST 41 ys|yT+1

Since the utility function satis..es the INADA conditions, there exists ¢* > 0
such that «’(c*) = 1. By concavity u (¢;(ag, 3*)) < u(c*)+u'(c*) (¢é:(ag,yt) — c*).
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Hence

Thiréoz Z 7(y°yo)u ct(amy))

s>T+1 ys ‘yT+1

: y |y0 Ct aan ) * * . > 1
< lim Z Z + (u(c*) — ¢*) lim -
T ST oyt T S B
— 1
= (u(c")—c") lim —
T—o00 sSTH1 R
= () =) g i i
— 0 (A85)

and we are done.

Step 2: We want to show that there exist Lagrange multipliers \(ao, y0), { (a0, y*} >
0 that, together with the consumption allocation {c;(ao,y")} satis..es the ..rst
order conditions. Let

m(ao,yo) = 0
AMao,y0) = (1 —0B)u (colao,yo)) (A86)
and recursively
1 Y u’ (co(ao, yo)) A87
© 2 ) = R ooy (A%D

Note that the allocation by construction (see equation (33) in the main text)
satis...es

u’ (ct(ao, vo))
BRY (ct11(ao, yit1))

with equality if the limited enforcement constraint is not binding in contingency
y*+1. Hence u(ag, y'*1) > 0, and u(ag, y* 1) = 0 if the constraint is not binding.
Obviously the allocation and multipliers satisfy (A68) m

>1, (A88)
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2 The Computational Procedure

In this subsection we describe how, for a parametric class of our economy, we
compute a constant R, policy rules hR(w,y),g,ff} (w,y) and a stationary distri-
bution over utility entitlements and endowment shocks, ® 5.

Our computational method is an implementation of the policy function it-
eration algorithm proposed by Coleman (1990). For a ..xed R we search for
the optimal policies g,/(w,y) and h(w,y) within the class of piecewise-linear
functions in w . We start by specifying a & point grid G = {wo, ..., w;} € D and
by guessing the values of a function Vj(.,.) on G x Y . Notice that this de..nes
a function piecewise linear in w for a ..xed y. For a given w,y € G x Y we then
use the ..rst order condition

/ 1-— ﬁ / /
= if gy (w,y) > U (3/) (A89)
together with the constraint
(1= B)h(w,y) + 8> 7y [y)gy (w,y) = w (A90)
y' ey

to solve for solve N + 1 equations* for the N 4 1 optimal policies gg, (w,y) and
h°(w,y). Notice that g9 (w,y) and h°(w,y) are not constrained to lie in G.
Carrying out this procedure for all w,y € G x Y de..nes gg,(., .) and h°(.,.) that
are piecewise linear functions in w.

We then use envelope condition

4 (R ) /(1,0
Vi(w,y) = 57— (0w v) (A91)
to update our guess of V’ and repeat the procedure until convergence of
gy (--), R"(.,.) and V;(w,y) is achieved. This yields policy functions that are
piecewise linear in w.
To compute the stationary joint measure over (w,y) we proceed as follows:
for a given (w,y) we ..nd w, ,(w Y),w (w y) and «, (w,y) such that
l

o wy, (w,y) =max{w € Glw < gy (w,y)}

) wg, (w,y) = min{w € Glw > g, (w,y)}

o ay(w,y) solves ay (w,y)wl, (w,y) + (1 = ay (w, y))wl (w,y) = gy (w,y).

4Note that whenever the ..rst order condition does not hold with equality we know that
gy (w,y) = UAvt(y) and we can drop the ..rst order condition for the speci..c 3’ as the
number of unknowns is reduced by 1.
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We then de..ne the Markov transition matrix Q : (GxY) x (GxY) — [0,1]
as

(Y [y (w,y)  iF W =wl(w,y)
Q((w,y), (W', y")) =< 7' [y)(1 = ay (w,y)) if W' =wl(w,y)  (A2)
0 else

Note that the matrix @ has dimension (K - N) x (K - N). We then solve the
matrix equation

o =Q"Td (A93)

for @, where ® has dimension K- N and ®(w, y) gives the steady state probability
of being in state (w,y). In this way we can ..nd, for a given R € (1,%), dp,

hf(w,y) and 95 (w,y). We then compute the excess demand function
dR) =" (C("(wy)) -~ y)Pr(w,y) (A94)
(w,y)EGXY

and use a Newton procedure to ..nd R such that d(R) = 0.
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