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Lecture 1. Aggregation

1 Introduction

Probably so far in the macro sequence you have dealt directly with representative consumers and
representative firms, meaning that you have solved some maximization problem of a fictitious single
agent or single firm, assuming that this agent or single firm was “representative" of the whole
economy. What does representative exactly mean? Obviously it does not mean that knowing some
variables of the representative or average agent (for example its consumption, its wealth or its
investment) tells you everything about all agents in the economy. Know ing, for example, that
average household wealth in 2005 in the US is $100000 does not tell you anything about how many
households there are who have 0 wealth. Representative here means that knowing the variables of
the representative agent is enough to predict some aggregate variables (for example prices) and/or
to predict the evolution of aggregate variables in the future. To continue with the previous example
if knowing that average household wealth in 2005 in the US is $100000 is enough to know average
asset prices in 2005 and to predict average household wealth in 2006, then, for some questions, we
do not need to worry about keeping track of the entire wealth distribution.

In this lecture we will discuss in detail when and why it is enough to keep track only of averages,

both in static and dynamic frameworks.

2 Aggregate demand in partial equilibrium static framework

We start with a preliminary result that is discussed in Mas-Colell et al. section 4.B. Consider a
static economy with I consumers and L goods and assume that each consumer has wealth w; and
standard preferences (potentially different for every consumer) over consumption bundles. Solving
a standard maximization problem will yield (vector valued) demand functions for each consumer

x;(p, w;) and aggregate demand
x(pa wlv"wl) = in(pa wi) (1)
i

where p is the vector of prices of each good. Equation (1) tells us that in order to know aggregate
demand (and thus, for example in a general equilibrium context, prices) one needs to know the entire

distribution of wealth. We now ask when and if we can write aggregate demand as

X(p, Y jwi) =Y wi(p,w;),  forevery p, (wi, wy) (2)



In order for (2) to hold it must be that for every change in the wealth distribution dw satisfying
Z dw; = 0, for every p and for every (w;, . wr)

3

Z de =0  foreveryl
- 8wi

but this can be true if and only if

Oxi(p,wi) _ 915 (p, w))
ow; ow;

, for every I, p, (i,7), (w1, wr) (3)

which means that any two individuals who face the same increment in wealth change the demand
of any given good in exactly the same (across individuals) fashion. In words this means that if T
give an extra dollar to each one of you, you all exactly spend the same additional amount, say, on
cherries. It is easy to see that if this the case in order to compute aggregate demand it is sufficient
to know total wealth and it is not necessary to know how wealth is distributed. Proposition 4.B. 1
in Mas-Colell et al. gives necessary and sufficient condition for equation 3 to hold and obviously the
conditions have to do with preferences. In particular it must be that the indirect utility function of

each agent V;(p, w;) must have the following form (also called the Gorman form)

Vi(p, w) = ai(p) + b(p)w

How restrictive is this condition?

It is pretty restrictive but there are two interesting cases in which it is satisfied. One is the case
in which all consumers have identical and homothethic preferences, where identical guarantees that
b(p) does not depend on i and homotheticity guarantees that b(p) does not depend on w.Another
case in which this is satisfied is the case in which preferences of all agents are quasilinear in the same

good. (see a question in the problem set).

3 A benchmark model

Consider an economy be populated by N individuals, indexed by ¢ € I = {1,2,... N}. Each in-
dividual is infinitely lived. In each period there is one nonstorable consumption good. Each indi-
vidual household has a stochastic endowment process {yi} of this consumption good. Let s; and
st = (sg,...st) the event and event history of this economy, respectively. and 7;(s') denote the ob-
jective probabilities of event histories. Agents subjective probability beliefs are assumed to coincide
with these objective probabilities. Note that at this point we do not make any assumptions about
the stochastic process; in particular the individual processes need not be Markov processes nor to
be independent across agents.

To avoid certain measurability issues we will assume that y! € Y, a finite-dimensional set of
cardinality M and define the aggregate state simply as s; = (y},...,y).Also, in order to make

some of the results a little easier to derive, take the event sy as given .



A consumption allocation {(ci(s?));e I}tT:o,st cgt maps aggregate event histories s into consump-
tion of agents ¢ € I at time ¢t. Agents have preferences over consumption allocations that are assumed
to permit von Neumann Morgenstern expected utility representation. For now we will also assume
that preferences are identical across agents, additively time-separable and that agents discount the

future at common subjective time discount factor 8 € (0,1), so that the utility function takes the

=3 S B, ) (4)

t=0 steS?

form

Definition 1 A consumption allocation {(C%(St))iel}?:o,stest is feasible if
sy > 0 for all i,t, s' (5)
N .
Zc;(st) = Zyt ) for all t, s (6)

A consumption allocation is Pareto efficient if it is feasible and there is no other feasible consumption

allocation {(&{(s"))ier}{_o srege such that

u' (&) > i) forallicl (7)

u' (¢ > u'(c') for somei €I (8)

4 Complete Markets and the Representative Agent

With complete markets we suppose that there is a complete set of contingent consumption claims
that are traded at time 0, before any uncertainty has been revealed. The individual Arrow Debreu

budget constraints take the form

T T
Do psHes) <Y D pelshui(sh) (9)

t=0 steSt t=0 steSt

where p(st) is the period 0 price of one unit of period ¢ consumption, delivered if event history

st has realized.

Arrow-Debreu Equilibrium

Definition 2 An Arrow Debreu competitive equilibrium consists of allocations {(Ci(st))iej}g;o’stest

and prices {p(st)}tT:&SteSt such that
1. Given {p(st)}tT:o,stesw for eachi € I, {C%(St)}?zo,stest mazimizes (4) subject to (5) and (9)
2. {(ci(s"))ierH_o srege satisfies (6) for allt,s".

Now let us make the following assumption



Assumption 1: The period utility functions U’ are twice continuously differentiable, strictly

increasing, strictly concave in its first argument and satisfy the Inada conditions

liH(l]Uci(C) = o®© (10)
lim Ul(c) = 0 (11)

where U? is the derivative of U with respect to its first argument.
It is then straightforward to prove the first welfare theorem for this economy (in fact, for this result
we only need that the utility functions are strictly increasing). Hence any competitive equilibrium

allocation is the solution to the social planners problem of

N
max o'l (ch) (12)

(ETEO I ;
subject to (5) and (6), for some Pareto weights ()Y | satisfying o’ > 0 and Zf\il al =1 (see, e.g.
MasColell et. al.; this result requires parts of assumption 1). Attaching Lagrange multipliers A(s?)
to the resource constraint and ignoring the non-negativity constraints on consumption we obtain as

first order necessary conditions for an optimum
a'B'me(s)Us(c(s), s*) = A(s") (13)

for all ¢ € I. Hence for i,j € I
1 L ot 7
Ui(ci(sh) o

for all dates t and all states s*. Hence with a complete set of contingent consumption claims the

ratio of marginal utilities of consumption of any two agents is constant across time and states. Also
agents, ceteris paribus (i.e. if they had the same utility function and the same preference shock),
with higher relative Pareto weights will consume more in every state of the world because the utility
function is assumed to be strictly concave.

Assumption 2: All agents have identical CRRA wutility,

= —1

1—0

Ul(e,s') = (15)

with o > 0 (for o = 1 it is understood that utility is logarithmic). Here o is the coefficient of relative
risk averston.

With this assumption (14) becomes

@)

i.e. the ratio of consumption between any two agents is constant across time and states. This, in
particular, implies that there exist weights (6%);e; with #° > 0 and Dier 0" = 1 such that

ci(s") = 0" wi(s') = O'yu(s") = Oce(s") (17)

icl



where y(s') = > ,c;vi(s") is the aggregate income in the economy and ¢;(s") = 3., ci(s") is

aggregate consumption. In fact, the weights are given by

Q
Sl

fi=——"—5>0 (18)
Z;'V:l aj;
Note that with logarithmic preferences (o = 1) we have that §; = «;, i.e. the share of aggregate
consumption an agent ¢ is allocated corresponds to the Pareto weight the planner attaches to this
agent.

That is, with separable CRRA utility complete markets imply that individual consumption at
each date, in each state of the world is a constant fraction of aggregate income (or consumption).
Note that it does not imply that individual consumption is constant across time and states of the
world, because it still varies with aggregate income (a variation against which no mutual insurance
among the agents exists). It also does not imply that consumption among agents is equalized. From
(16) we see that the level of consumption of agent ¢ will depend positively on the Pareto weight of
that agent.

Let’s turn to the characterization of efficient (and hence equilibrium) allocations. The growth

rate of consumption between any two dates and states is given from (17) as

(5 (2457

that is, if agents have CRRA utility that is separable in consumption and we have complete mar-
kets, then individual consumption growth is perfectly correlated with and predicted by aggregate
consumption growth. In particular, individual income growth should not help to predict individual
consumption growth once aggregate consumption (income) growth is accounted for. This idea is the
basis of all empirical tests of perfect consumption insurance, see e.g. Mace (1991), Cochrane (1991),
among others.

To obtain Arrow Debreu prices associated with equilibrium allocations we obtain from the con-

sumer problem of maximizing (4) subject to (9) that

) (8P Ul 1 (s71))
IR O CICI) 20)

Under assumption 2 this becomes

P(SH_I) _ 7Tt+1(8t+1) Ci+1<5t+1) -
& - P ( () ) &)
e (8T fea(stT)\ 77
(&) ( () > (22)

and hence equilibrium Arrow Debreu prices can be written as functions of aggregate consumption

only. We then have the following

Proposition 3 Suppose allocations {(c}(s"))ic1}{_o stege and prices {p(s")}]_o icge are an Arrow-
Debreu equilibrium. Then under assumption 2 the allocation {Ct(st)}tT:o,stest defined by

crl(sh) =) ci(s') (23)

icl



and prices {p(st)}tT:O’Stest is an Arrow Debreu equilibrium for the single agent economy with i = 1

in which the representative agent has endowment

ye(s') =D uils") (24)

iel

and CRRA preferences.

Obviously the content of this proposition lies in the pricing part. It shows that to derive Arrow-
Debreu prices (and hence all other asset prices), with complete markets it is sufficient to study the
representative agent economy. This insight is the departure of the consumption-based asset pricing
literature as developed in Lucas (1978).

Notice that 2 key assumptions which are important for the proposition: identical preferences and
complete markets. In problem set 1 (questions 3 and 4) you are asked to study what happens when
you relax the identical preferences assumption but keep the complete markets assumption. The
key insight is that in complete markets marginal utilities of each and every agent are proportional
and thus, for asset pricing purposes, the marginal utility of any agent can be used. Notice though
that when preferences are not identical across agents equalization of marginal utilities no longer
implies that consumption of each agent is a fixed share of aggregate endowment (or that the ratio
of consumption between agent ¢ and agent j is constant) and thus in order to compute the marginal
utility of any agent we need to explicitly compute the consumption of that agent, which will in

general depend on the structure of preferences across the economy.

5 Recommended readings:

e Mas Colell et al., Section 4B

e Ljungqvist and Sargent, Sections 8.1 through 8.11



