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Lecture 2. Theory of distributions with representative consumers

In this lecture we consider a dynamic economy in which there is heterogeneity in wealth endow-
ments and in which the representative agent result applies. Our focus is on how aggregate dynamics
affect the dynamics of the wealth and consumption distribution (although the wealth distribution
and its dynamics do not affect aggregate dynamics). This is probably the simplest framework within
which we can study the determination and the evolution of distributions, such as the wealth dis-
tribution, the income distribution or the consumption distribution. Key references that you should
read are the papers by Chatterjee (JPUBE, 1994) and Caselli and Ventura (AER 2000) which are

available on the class page.

1 The economy

Demographics and preferences— The economy is inhabited by IV types of infinitely lived agents,
indexed by i = 1,2, ..., N. Denote by u’ the measure of agents i and normalize the total measure of
agents to one, i.e Zfil t; = 1. Since the mass of agents is 1, from now on all aggregate variables
can also be interpeted as per capita variables. Preferences are time separable, defined over streams

of consumption, given by
o0
U= Z Bu(c),
t=0
For the purpose of this example (see Chatterjee for more general cases) assume that u (¢) = In (¢ + ¢),
with ¢+ ¢ > 0 where we allow ¢ < 0 in order to be able to model a subsistence level for consumption.

Household’s problem— We assume complete markets, so we can use the Arrow-Debreu formu-
lation of the household problem (with the time-zero lifetime budget constraint). The maximization

problem of household 4 can therefore be stated as (normalizing py = 1)
max Blu (et
i} 2,7 )
s.t.

o0 o0
Zptci < ah = s Zptdt (1)
t=0 t=0

where where p; is the price of the consumption at time ¢ relative to consumption at time 0, a is
the initial wealth of agent i in terms of time 0 consumption and d; represent dividend paid by a
representative firm (see below). Note also that, in general, we can define the wealth of agent i at

time ¢ (measured in units of time 0 consumption) as

piay = s; Y pid;, (2)
=t



where s! is the share of the firm-value owned by consumer i at time ¢. Indeed, by summing both

sides of (2) over ¢ and exploiting the fact that Zf\;l p'st =1 for every t, we obtain

N
Z W' sypray = pray
i=1
where p;a; is the total value of the representative firm.

Technology and firm’s problem— Assume that there is a large number of firms and that each
firm can operate an identical tecnology that allows to transform £ units of consumption good today
into (1 — 0)k + f(k) units of consumption tomorrow with f strictly increasing, strictly concave and
differentiable. Assume also that each firm starts out with the same amount of consumption good
ko.It can be shown that each firm will choose the same production plan (Homework. Show that
is indeed the case. What happens if each firm starts with a different ky? Can you still construct
a representative firm? if not what else do you need to keep track to describe the evolution of the
production sector?) so that we can focus on a representative firm who owns owns physical capital

and makes the investment decision by solving the problem

ag = r{nkaXij [f (ki) + (1= 6) kj — kjta]
it =0

o0
= max Z p;id;
kit 25

dj = [f (k) + (1 =0)kj —kj]

ko given

It is also easy to see that we can write the value of the firm at an arbitrary period (in units of

time 0 consumption) as
biat = I{I}jj}X;Pj [f (kj) + (1 = 6) kj — kjta]

Homework: Assume that in this economy there is a constant mass L = 1 of workers, that
the technology is f(K,L) = L'7*K% = K% and that in each period the representative firm pays
dividend d; = akf + (1 — §)k; — ki41 to its stockholders while it pays (1 — a)kg to workers. Show
that in this case the value of the firm a; = k¢41. Is this true also in the economy in which there are
no workers but a fixed factor and so dy = k¥ + (1 — §)kt — k1 (i.e. stock holders receive also the
remuneration to the fixed factor)? Explain why.

Solution— From the FOC of the household problem, we have:

g

) = /\ipt = ci = /\ip —C, (3)
t

ﬂtu' (C'z) _ Alpt = ﬂt (

)
c+ ¢y

where \; is the Lagrange multiplier on the budget constraint of household i. Substituting this FOC



into the time-zero lifetime budget constraint (1), we can derive an expression for the multiplier \*:
ipt ( ﬁ.t — 5) aé
K2
t=0 A Dt
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Let’s now substitute the expression on the last line into equation (3) evaluated at time ¢ = 0

(remember that pg = 1) in order to solve explicitly for c:

i [(1—maa+<1—mezpt]—a
t=0

5[(15)21%1
t=0

) (poaé) + (1 - ﬂ) a?h

+(1-B)a) (5)

where © (po,é) denotes a function of the subsistence level and of the whole price sequence p° =
{po,p1,-.-s D¢, ...}. This derivation can be easily generalized for every ¢ > 0 (by using the Arrow-

Debreu constraint for time t) so that
P _ t = i
=0 (" e+ (1-p)a, (6)

which shows that the optimal consumption choice at time ¢ is an affine function of asset holdings
at time t for each type 1.

More in general, when period utility belongs to the families considered by Chatterjie, then
preferences share a common property. They are homothetic, i.e. have linear Engel curves in wealth:
any given change in wealth induces the same change in consumption, independently of the wealth
level .! Even though we have only derived it for the log-case, it is easy to check that this representation
of the consumption function holds also for the other two classes of preferences considered in the paper

(power and exponential utility).

Implications for aggregate dynamics— Denote aggregate variables with capital letters. The
first consequence of equation (6) is that to study the dynamics of aggregate variables in this model
economy, we don’t need to keep track of the distribution of wealth. From (6), we derive easily that

aggregate consumption only depends on aggregate variables (prices and aggregate wealth), i.e.
— t =
ct—@(p,c)—i—(l—ﬁ)at, (7)

where a; can be clearly be expressed only as a function of the sequence of prices {p; } -, and aggregate

capital stocks {kt}fi o- The competitive aggregate quantities and prices can therefore be recovered

ITechnically, when & < 0, preferences are quasi-homothetic because the Engel curves do not start at the origin, i.e.

they are not linear but affine. However, linearity of the wealth-expansion path is not affected by the constant ¢.



from the following standard single-agent planning problem
max > fu(c;)
{e:} t=0

s.t. (PP)
¢t + kt+1 < f(k‘t) + (1 — 5) ke

ko given

with standard first order condition

u' (cr) = Bu’ (co1) [f (keyr) + (1= 9)].

Note that, from (3) and the equation above, we can obtain equilibrium prices through the recur-
sion
Pt
Pt+1
Steady-state— It is easy to show that the economy will converge to the steady-state values of
capital stock satisfying f’ (k*) =1/8 — (1 — §). Note now that in steady-state p;/p;+1 = 1/ for all

t, hence from the definition of © (p,¢) in (5) we conclude that ¢! = (1 — 3)a’. In other words, in

— (k1) + (1— 8), where py =1, ko given (8)

steady-state, the average propensity to save out of wealth is 3, independently of wealth, for every

type of household.

2 Equilibrium dynamics of the wealth distribution

The results described above imply that the dynamics of the aggregate variables are not affected by the
evolution of the wealth distribution, but the inverse statement is not true: in general, the evolution
of the wealth distribution across households (i.e. wealth inequality) depends on the dynamics of
aggregate variables (prices and quantities).

To see this, note that from the lifetime budget constraint of agent i at time ¢ (using 2)

oo
¢ + Z pic; = Py = Cp+Dip10iyq = Diay
j=t+1
¢, Di1a4q Pe1074 ct
dotettin oy o e ()4, ©
ay ay ag ag

which expresses the growth rate of wealth for type i as a function of her consumption-wealth ratio.

Note now that, from equations (6) and (7),

a _ 90,0

C. O,
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Thus, putting together this last line and (9)

; ¢ Cy a1 o A
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In other words,



which means that whether consumer’s ¢ wealth share is increasing or decreasing over time depends
on the sign of the constant © (equal for everyone) and on her relative position in the distribution.
This result leads easily to the following;:

Result 1: The wealth distribution remains unchanged if either of the two conditions are satisfied:

i) The economy starts with capital stock equal to its steady state level

i) e=0

In presence of a subsistence level and with the economy starting out of the steady state things
change. For example, if © > 0 and a¢ > Ay, then consumer i wealth share will grow over time, hence

the distribution will become more unequal. We now determine the sign of ©, through:

Lemma 1.1 (Chatterjee, 1994): The common constant term of the consumption function
O (p',¢) is greater, equal or less than zero if and only if ¢ (k; — k*) is greater, equal or less than

ZET0.

Proof: Suppose the economy grows towards the steady-state, i.e. ky < k*. From equation (8), the
sequence {f’ (ki)} is decreasing and the sequence {py11/pt} will be increasing towards 3. Therefore,

Dri1/Dr < B for all T >t where the strict inequality holds at least for some t. It follows that

Pr/Pt = (0r/Pr-1) (Pr—1/Pr-2) -+ (Pea2/Pes1) (Drs1/pe) < 87"

From the definition of © (p',¢) in (5), use the above equation to obtain

G(pt7é)zél(l—ﬁ)z<];) —1] >5[(1—ﬂ)25f—t—1] =0

T=t
where the first inequality follows from ¢ < 0. QED

The consequences for the evolution of the wealth distribution in an economy growing towards
the steady-state are easy to determine, at this point. In the presence of a subsistence level (¢ < 0),
© > 0 in a growing economy. © > 0 implies that the average propensity to consume (save) declines
(increases) with wealth. In fact, from equation (10), it is clear that agents with wealth above average

will increase their wealth even more relatively to the average. In other words:

Result 2: If € < 0: (i) the wealth distribution becomes more unequal as the economy grows towards
the steady-state, as rich agents accumulate more than poor agents along the transition path, and (ii)
there is no change in the ranking of households in the wealth distribution, i.e., initial conditions in
ranking persist forever.

Intuition. A brief discussion is in order on why we obtain this result.The key piece here is
that complete markets implies Pareto efficiency, which implies constant ratios of marginal utilities
of consumption at an given date for any two agents. What does equalization of marginal utilities
implies for consumption? This clearly depends on preferences. If preferences are simple logarithmic
(¢ = 0) constant marginal utility ratio implies constant consumption ratios. Note that in the log
case the consumption function is ¢;; = (1 — B)a;+. Now if a;+ = s;pas,that is if wealth ratios between

any two agents are constant then consumption ratios between any two agents will also be constant;



in other words a constant wealth distribution decentralize the efficient allocation. If ¢ # 0 then
constant ratios of marginal utilities simply does not imply constant ratios of consumption. To see
this consider the simple case of two consumers, ¢ and 7 and assume that in a complete markets

equilibrium this ratio is constant and equal to
u'(cit)  cjtc

w(cje) ct+c

dividing both numerator and denominator by c; you get

14+¢/cj
Cit/cjt + ¢/ cjt ="
and note that (besides the degenerate case in which x = 1 and ¢;;/c;; = 1) the consumption ratio
cannot be constant, if c;; grows over time. In words with this preferences the aggregate level of
resources matters for distribution. Suppose for example ¢ < 0 and that the economy grows. At
low level of resources marginal utility of the poor agent (which is closer to its subsistence level) is
much higher than the one of the rich agent, while at high level of resources the marginal utilities are
much similar (because the subsistence level is less important for both). It is therefore efficient for
the poor agent to consume (relatively) more early and (relatively) less late, so that it is efficient to
have a growing path of consumption inequality, which is implemented with a path of growing wealth
inequality.

Robustness— We now discuss how robust this result is to some of the key assumptions made so
far in the analysis: 1) all agents have same discount factor 3, 2) markets are complete, 3) absence

of leisure and heterogeneity in efficiency units of labor.

o When agents have different discount factors, then none of the results hold any longer. Suppose

that & = 0 to simplify the analysis. Then, from (6)
Ci = (1 - Bz) aia

therefore the average propensity to save out of wealth is higher the more patient is the indi-
vidual and from (10), wealth grows faster for the more patient individuals. In this case, to
characterize aggregate dynamics one needs to know the entire distribution of wealth. Notice
also that in the limit, in steady-state, the most patient type holds all the wealth, and the

distribution is degenerate.

e In absence of markets (autarky), every consumer has access to her own technology, but there
is no trade. Each agent will solve a standard planning problem with different initial conditions
K}. Tt is easy to see that, independently of the initial conditions, each agent will converge
to the same capital stock K*, hence in the long-run the distribution of wealth is perfectly
equal. Interestingly, we conclude that a less developed financial market induces less wealth
inequality, in the long-run (what about welfare?). Also, there is an important parallel with the

convergence literature in growth theory: just think of consumers as countries. If every country



has access to the same world technology and capital is perfectly mobile across countries, then

the neoclassical growth model does not predict convergence anymore.?

e When preferences are also a function of hours worked h, and households differ by their (fixed)
endowment of efficiency units and by their holdings of shares of the representative firm, aggre-

gation can also occur, under certain restrictions on preferences, for example when

(e=m')
L=y

1=y

u(e,h) =

Homework: Show that this indeed the case.

3 Indeterminacy of the wealth distribution in steady-state

One very important implication of the aggregation results is that in steady-state the wealth distri-
bution is indeterminate. Suppose again that ¢ = 0 to simplify the analysis. From (6) and (2), the

set of equations characterizing the steady-state is

¢ = (1-p)d,i=1,2,.,N
a = siliﬁ[f(K*)—(SK*],z':l,Q,...,N
(K" = 1/8-(1-9),
N
Soulst =1,
=1

We therefore have (2N + 2) equations and (3N + 1) unknowns ({ci, at, si}f\il ,K*). In other words,
the multiplicity of the steady-state wealth distributions is of order N — 1.3

However, suppose we start from a given wealth distribution at time 0 when the economy has
not yet reached its steady-state, then the dynamics of the model are uniquely determined by results

above and the final steady-state distribution is determined as well. So, let’s restate this as:

Result 3 In the steady-state of the meoclassical growth model with N agents heterogeneous in
initial endowments and homothetic preferences, there is a continuum of steady-state wealth distribu-
tions, with dimension (N — 1). However, given an initial wealth distribution {sé}ij\;l at t =0, the

equilibrium wealth distribution {si}N in every period t is uniquely determined, and so is the final

i=1
steady-state distribution.

Finally, in terms of language, this whole section shows that it important to distinguish “steady-
state” from “equilibrium path”. In this economy, the equilibrium path is always unique (given initial

conditions), but the steady-state is not.

2More precisely, f’ (kl) would be equalized across countries, hence countries would have the same capital stock

and produce the same output. Thus, there would be convergence in GDP, but not in GNP.
3This means that, if N = 1 (representative agent), the steady-state is unique. If N = 2, there is a continuum of

steady-states of dimension 1, and so on.



